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Abstract
We study inflation driven by a dilaton and an axion, both of which are coupled to a SU(2) gauge field.
We find that the inflation driven by the dilaton occurs in the early stage of inflation during which the
gauge field grows due to the gauge kinetic function. When the energy density of magnetic fields catches
up with that of electric fields, chromo-natural inflation takes over in the late stage of inflation, which we
call delayed chromo-natural inflation. Thus, the delayed chromo-natural inflation driven by the axion and
the gauge field is induced by the dilaton. The interesting outcome of the model is generation of chiral
primordial gravitational waves on small scales. Since the gauge field is inert in the early stage of inflation, it
is viable in contrast to the conventinal chromo-natural inflation. We find the parameter region where chiral
gravitational waves are generated in a frequency range higher than nHz, which are potentially detectable in
future gravitational wave interferometers and pulsar timing arrays such as DECIGO, eLISA and SKA.
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I. INTRODUCTION
Primordial fluctuations of matter produced quantum mechanically during inflation [1] elegantly
explains the origin of the cosmic microwave background (CMB) anisotropy and the large scale
structure of our present universe. On top of the primordial fluctuations of matter, it is well known
that inflation quantum mechanically generates fluctuations of spacetime, so called primordial grav-
itational waves. The current constraint on the amplitude of primordial gravitational waves in terms
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of the tensor-to-scalar ratio r comes from the observation of the CMB. The latest joint analysis
of BICEP2/Keck Array and Planck data provided an upper limit on the tensor-to-scalar ratio as
r |0.05 < 0.07 at 95% confidence level [2, 3]. Remarkably, the amplitude of primordial gravita-
tional waves is directly related to the energy scale of inflation. The energy scale probed by the
CMB observations is around the scale of grand unification theory (GUT), 1016GeV. Hence, once
primordial gravitational waves were detected, they would be a powerful probe of the physics in
early universe such as the GUT, supergravity, and superstring theoy.
From the perspective of the rapid progress of cosmological observations, it is necessary to adapt
inflation to the percent level precision of observations. This should be done based on fundamental
theory. As a consequence, it is expected that qualitatively new phenomena in inflation are found
and those should be probed by primordial gravitational waves. Since supergravity is the low energy
limit of superstring theory and the GUT might be embedded into supergravity, it is legitimate to
investigate inflation based on supergravity. Indeed, there have been a lot of efforts to construct
models based on supergravity [4]. However, in the previous study, the gauge sector in supergravity
has been overlooked. In fact, it was legitimate to truncate the gauge sector because it apparently
gives rise to tiny effects on observables. From the point of view of precision cosmology, however,
it is worth exploring the role of the gauge sector in inflation. In supergravity, there exists a complex
scalar field, we call its real part a dilaton and its imaginary part an axion. These two scalar fields
are candidates for an inflaton and their couplings to the gauge sector are of our interest. There are
two ways how an inflaton field is coupled to the gauge field. One is the dilaton coupling to the
gauge field through a gauge kinetic function. The other is an axion coupling to the gauge field.
Thus, the issue to be clarified is if we can probe the gauge sector in inflation with the primordial
gravitational waves.
Once we introduce the dilaton field and its gauge kinetic function, inspired by supergravity,
there are interesting phenomenologies such as the generation of primordial magnetic fields [5]. In
particular, recently, it has been found that a non-trivial gauge-kinetic function could trigger the
growth of the gauge field which stops at the saturating point and the amplitude of the gauge field
is sustained during inflation [6]. The survived gauge field results in the statistical anisotropy in the
primordial fluctuations [7, 8]. In the Abelian gauge field cases, it accompanies anisotropic infla-
tion [6, 9]. In the non-Abelian gauge field cases, the isotropic configuration is an attractor [10].
However, since its convergence is quite slow, there would appear the statistical anisotropy de-
pending on the initial conditions [11, 12]. Thus, we can expect the cross correlation between
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gravitational waves and curvature perturbations on top of the statistical anisotropy in auto correla-
tion of gravitational waves [8]. It is also possible to generate gravitational waves from the particle
production of gauge fields by the dilaton [13].
In the presence of the axion coupling during inflation, there occurs the transient tachyonic
instability in one of helicity modes of the gauge field near the horizon-crossing. Remarkably,
the parity violating gauge field produces the circular polarization of gravitational waves, namely
chiral gravitational waves [14–25]. We can test this interesting outcome by observing the corre-
lation between CMB temperature anisotropy and B-mode polarization [26–28], or by analyzing
the residual signal of pulsar-timing arrays [29]. In the case of the Abelian gauge field, however,
the gauge field also produces curvature perturbations with large non-gaussianity. As a result,
this effect easily violates the current observational bounds on the non-gaussianity of the CMB
anisotropies[14, 15, 30–32]. More seriously, the strong interaction of the axion to the gauge field
breaks perturbative descriptions in the in-in formalism [33]. These constraints severely constrain
amplitudes of chiral gravitational waves and make them invisible on CMB scales. In the case of
the non-Abelian gauge field, there is another effect of the axion coupling. Indeed, the interaction of
the axion with the non-Abelian gauge field gives rise to an effective Hubble friction, and generates
a slow-roll inflationary solution for a wide range of parameters [34](see also related models [35]).
In the presence of the background gauge field, the non-Abelian gauge field perturbations have ten-
sor perturbations and one of circular polarization states experiences the tachyonic instability near
the horizon crossing, which produces chiral gravitational waves. However, this inflation model is
in conflict with CMB observations because either the spectral index of the curvature perturbations
is too red or gravitational waves are produced too much [22–24]. This result stems from the fact
that the strength of the interaction between the axion and the gauge field is almost constant dur-
ing inflation. Hence, sizable chiral primordial gravitational waves cannot be reconciled with the
constraints on CMB scales.
As we have explained in the above, recent works have revealed roles of two types of the cou-
pling between the inflaton and the gauge field separately. From the point of view of supergravity,
however, we should incorporate both the dilaton and the axion into a model at the same time.
In this paper, we will focus on this possibility and find a novel effect induced by the presence
of both couplings, which can be probed by primordial gravitational waves. The point is that the
gauge kinetic function of the dilaton makes the gauge field increase and controlls the strength of
the axion-gauge field interaction. As initial conditions, we choose the gauge field small enough so
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that we can ignore an effective coupling of the axion to the gauge field in the early stage of inflation.
Therefore, the tachyonic instability plays no role when primordial fluctuations on CMB scales are
generated. However, the gauge field grows due to the dilaton coupling through the gauge kinetic
function until the non-linear effect of gauge field appears in the background dynamics. Eventu-
ally, the gauge field settles in an attractor and realizes delayed chromo-natural inflation [34] in the
late stage of inflation, Remarkably, sizable chiral gravitational waves are generated only on small
scales, whose amplitude can be detectable by future space interferometers and pulsar timing arrays
such as DECIGO, eLISA and SKA [36–38].
This paper is organized as follows. In Sec.II, we present an inflation model with a dilaton and an
axion, both of which are coupled with a SU(2) gauge field. We then derive equations of motions for
the homogeneous fields and study the background dynamics. We show two different inflationary
stages are realized in Sec.II A. In Sec.III, first we decompose perturbations into scalar, vector, and
tensor perturbations and give the gauge conditions. Next, we analyze tensor dynamics and show
that chiral gravitational waves are produced on scales smaller than CMB scales. In Sec.IV, we also
discuss the dynamics of scalar perturbations. We estimate the amplitude of curvature perturbations
on CMB scales and check the stability of scalar dynamics on small scales. In Sec.V, we discuss
phenomenological predictions in this model. The final section is devoted to conclusion. In the
Appendix A, we list equations used in the numerical calculations.
II. INFLATION MODEL WITH DILATON AND AXION COUPLED TO SU(2) GAUGE FIELD
In this section, we present an inflationary model and derive equations of background motions.
Specifically, we consider a dilaton field ϕ and an axion field σ , both of which are coupled with
a SU(2) gauge field Aaµ . The field strength of the gauge field F
a
µν is defined by
Faµν = ∂µA
a
ν − ∂νAaµ + gabcAbµAcν , (1)
where g is its gauge coupling constant and abc is the Levi-Civita symbol whose components are
structure constants of SU(2) gauge field. The dual field strength tensor F˜aµν is defined by
F˜aµν =
1
2!
√−gµνρσFaρσ , 0123 = g0αg1βg2γg3δαβγδ =
1
−g , (2)
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where µνρσ is an antisymmetric tensor. The action reads
S = S EH + S dilaton + S axion + S gauge + S CS
=
∫
dx4
√−g
[
1
2
R − 1
2
(∂µϕ)2 − V(ϕ) − 12(∂µσ)
2 −W(σ) − 1
4
I(ϕ)2FaµνFaµν −
1
4
λ
σ
f
F˜aµνFaµν
]
,
(3)
where we used units ~ = c = 1 and Mpl = (8piG)−1/2 = 1 . Here, g is a determinant of a metric
gµν (note that it is not related with the gauge coupling constant), R is a Ricci scalar, and f is a
decay constant of axion. Moreover, we introduced a coupling constant of axion to the gauge field
λ . We have also introduced the potential functions V(ϕ) and W(σ).
As to the metric, we adapt the ADM parametrization
ds2 = −N2dt2 + qi j(dxi + N idt)(dx j + N jdt) , (4)
where N is a lapse function and N i is a shift function, which are Lagrange multipliers of the
system. An induced metric qi j on the three dimensional spatial hypersurface is used to raise or
lower the index as
qikqk j = δij , N
i = qi jN j . (5)
Thus, the metric can be expressed by
gµν =
 −N2 + NiN i N jNi qi j
 , gµν =
 −N−2 N−2N jN−2N i qi j − N−2N iN j
 . (6)
Using these variables, we can rewrite the action (3) as
S EH =
∫
dx4N
√
q
[
1
2
(
(3)R + Ki jKi j − K2
)]
, (7)
S dilaton =
∫
dx4N
√
q
[
1
N2
(
1
2
ϕ˙2 − N iϕ˙ϕ,i + 12(N
iϕ,i)2
)
−
(
1
2
qi jϕ,iϕ, j + V(ϕ)
)]
, (8)
S axion =
∫
dx4N
√
q
[
1
N2
(
1
2
σ˙2 − N iσ˙σ,i + 12(N
iσ,i)2
)
−
(
1
2
qi jσ,iσ, j + W(σ)
)]
, (9)
S gauge =
∫
dx4N
√
q
[
1
2N2
I(ϕ)2qik(Fa0i + F
a
i jN
j)(Fa0k + F
a
klN
l) − 1
4
I(ϕ)2qikq jlFai jF
a
kl
]
, (10)
S CS =
∫
dx4
[
−1
2
λ
σ
f
 i jkFa0iF
a
jk
]
. (11)
Note that Chern-Simons interaction does not include metric variables. Here, q is a determinant
of the metric qi j. We defined the extrinsic curvature of a hypersurface
Ki j ≡ 12N (q˙i j − 2N(i| j)) , (12)
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and the Ricci scalar of the hypersurface
(3)R = (qi j,kl + qmn(3)Γmi j
(3)Γnkl)(q
ikq jl − qi jqkl) , (13)
where
(3)Γijk =
1
2
qil(ql j,k + qlk, j − q jk,l) . (14)
Let us consider the homogeneous background dynamics in this set-up. For the metric, we use
a spatially flat metric
N = N(t) , Ni = 0 , qi j = a(t)2δi j . (15)
After taking the variation of the action, we set N(t) = 1. Thus, the time function t becomes the
cosmic time. For the dilaton and the axion we take homogeneous configurations ϕ = ϕ(t) , σ =
σ(t). As a gauge condition, we choose the temporal gauge
Aa0 = 0 . (16)
We also take an ansatz
Aai = A(t)δ
a
i = a(t)Q(t)δ
a
i , (17)
which is invariant under the diagonal transformation of the spatial rotation SO(3) and the SU(2)
gauge symmetry. Note that Q(t) is a scalar under the diagonal transformation and we use this
variable later. Thus, their field strength Faµν can be deduced as
Fa0i =
dA
dt
δai ≡ aE(t)δai , Fai j = gabcAbi Acj = gA2ai j ≡ a2B(t)ai j , (18)
where we defined electric and magnetic components E(t) , B(t) . Substituting these configurations
into the action, we obtain the following background action
S =
∫
d4x
a3
N
[
−3 a˙
2
a2
+
1
2
ϕ˙2 − N2V + 1
2
σ˙2 − N2W + 3
2
I2
(
E2 − N2B2
)
− 3N λ
f
σEB
]
, (19)
where a dot denotes a derivative with respect to the cosmic time t . Taking the variation with
respect to N and setting N = 1 after the variation, we obtain the Hamiltonian constraint
3H2 =
1
2
ϕ˙2 + V +
1
2
σ˙2 + W + ρE + ρB , (20)
where H ≡ a˙/a is the Hubble parameter. Here, we defined the following energy densities of
electric and magnetic fields
ρE ≡ 32 I
2E2 =
3
2
I2
A˙2
a2
, ρB ≡ 32 I
2B2 =
3
2
I2
g2A4
a4
. (21)
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The equations for the dilaton, the axion and the gauge field read
ϕ¨ + 3Hϕ˙ + Vϕ = 2
Iϕ
I
(ρE − ρB) , (22)
σ¨ + 3Hσ˙ + Wσ = −3λf EB , (23)
A¨ +
(
H + 2
I˙
I
)
A˙ + 2g2
A3
a2
=
λ
f
σ˙g
A2
aI2
, (24)
where
Vϕ ≡ dVdϕ , Wσ ≡
dW
dσ
, Iϕ ≡ dIdϕ . (25)
The equation for the scale factor a(t) is given by
H˙ = −
(
1
2
ϕ˙2 +
1
2
σ˙2 +
2
3
(ρE + ρB)
)
. (26)
Now that we have obtained the basic equations, we can discuss the inflationary dynamics.
A. Inflationary dynamics
In this section, we analyze the background dynamics which eventually produces chiral gravita-
tional waves on small scales.
First, we discuss initial conditions. We assume that the dilaton is energetically dominant and
plays a role of an inflaton in the early stage of inflation. The dynamics during inflation can be
described by slow-roll equations
3H2 ' V , 3Hϕ˙ + Vϕ ' 0 . (27)
In addition to those, we assume that the axion also satisfies a slow-roll equation
3Hσ˙ + Wσ ' 0 . (28)
Now, we introduce the slow-roll parameters in this system
H ≡ − H˙H2 = ϕ + σ + E + B , (29)
ηH ≡ ˙HHH = 2
(
H +
ϕ
H
ϕ¨
Hϕ˙
+
σ
H
σ¨
Hσ˙
+
E
H
(
I˙
HI
+
E˙
HE
)
+
B
H
(
I˙
HI
+
B˙
HB
))
, (30)
where we defined slow-roll parameters
ϕ ≡ 12
ϕ˙2
H2
, σ ≡ 12
σ˙2
H2
, E ≡ 23
ρE
H2
, B ≡ 23
ρB
H2
. (31)
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Here, we assume the relation σ  H which can be realized easily. We can express the scale
factor as a function of ϕ :
a ' a0 exp[−
∫
0
V
Vϕ
dϕ] = a(ϕ) , (32)
where the index “0” represents an initial value. Inspired by this result, we put the gauge kinetic
function as
I(ϕ) = I0 exp[−n
∫
0
V
Vϕ
dϕ] , (33)
where I0 is a constant. Thus, we have an approximate relation I(ϕ) ∝ an during slow-roll
inflation. Note that n is a parameter and it controls the strength of the gauge coupling.
In this paper, we consider a gauge field with a weak coupling constant. Namely, I(ϕ) is
a decreasing function (n < 0) and we choose its initial value I0 very large in order to get
g−1I ∼ O(1) at the end of inflation. This assumption is necessary to avoid the strong coupling
problem. Hence the electric and magnetic components must be very small in order to satisfy slow-
roll equations (27). The naturalness of this requirement depends on the effective potential of the
gauge field, as we discuss later. Due to this assumption, we can neglect their non-linear effects at
first. Then, Eq.(24) can be reduced to
A¨ +
(
H + 2
I˙
I
)
A˙ ' 0 , (34)
which can be integrated as
aI2A˙ = const. ≡ C . (35)
Thus, the energy density of electric field evolves as
ρE =
3C2
2a4I2
∝ a−2(n+2) . (36)
Since we are interested in the solution where the energy density of the gauge field does not decay,
we consider n ≤ −2 region. On the other hand, the growing mode of magnetic energy density is
proportional to a−2(3n+4) so that ρB grows more rapidly than ρE . Therefore, we can separate the
inflationary history of this model into two stages. In the early stage of inflation, ρB is negligibly
small compared to ρE so its effect on the dynamics can be ignored in the background motion. We
assume that primordial fluctuations on CMB scales are generated during this stage. In the late stage
of inflation, however, ρB grows sufficiently first and catches up with ρE . As we explicitly show
later, during this stage, the interaction between the gauge field and the axion become important and
an inflationary dynamics goes into an attractor solution, which is quite similar to the dynamics of
chromo-natural inflation [34] . From now on, we explain these two inflationary stages separately.
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1. The early stage of inflation
In an initial period, the energy density of the gauge field is so small that only a dilaton con-
tributes an inflationary dynamics. However, when ρE grows sufficiently, the slow-roll condition
for ϕ will be no more valid and modified as
3Hϕ˙ + Vϕ ' 2 IϕI ρE . (37)
Substituting (36) into (37) , we can solve this equation [6] and find the gauge kinetic function as
a4I2 ' − n
2
n + 2
3C2
2VV
(1 + D1a2(n+2)) , (38)
where D1 is a constant of integration and V ≡ 12 (VϕV )2 is the slow-roll parameter in terms of the
potential. Here, we note the relation
E ' −2(n + 2)n2 V . (39)
We neglected the time dependence of VV in the above. We can see that the second term in (38)
becomes soon negligible when n < −2. Thus, ρE settles in a nearly constant value during this
period
ρE ' −n + 2n2 VV . (40)
That implies the effective n goes to −2 [39]. At this time the relation between V and ϕ reads
√
ϕ ' √V + nE√
2V
. (41)
Remarkably, an electric component of gauge field finally supports the slow-roll inflation in this
period. Then Hubble slow-roll parameters read
H ' ϕ + E , (42)
ηH ' 2
(
H +
ϕ
H
ϕ¨
Hϕ˙
+
E
H
(
I˙
HI
+
E˙
HE
))
. (43)
2. The late stage of inflation
Up to here, we have neglected the non-linear effect of the gauge field. However, the energy
density of magnetic field ρB grows and eventually becomes greater than ρE for n ≤ −2. As the
non-linear effect becomes important, we cannot use Eq.(35). Instead, we have to consider the full
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equation of motion for the gauge field (24). Here, we rewrite Eq.(24) into the equation for Q
defined by (17)
Q¨ +
(
1 +
2
3
I˙
HI
)
3HQ˙ = −
((
2 − H + 2 I˙HI
)
H2Q + 2g2Q3 − λ
f
σ˙
gQ2
I2
)
, (44)
which looks like an equation for a scalar field. Hence we can interpret the right hand side of
Eq.(44) as an effective potential force of the gauge field. It is easy to read off the effective potential
from Eq.(44) as
Ueff(Q) =
(
1 +
I˙
HI
)
H2Q2 − 1
3
λ
f
σ˙
gQ3
I2
+
1
2
g2Q4 . (45)
Note that we neglected the slow-roll corrections.
We can understand a background dynamics of the gauge field from this effective potential. Let
us focus on the coefficient of Q2 term. Before inflation occurs, we assume that its coefficient
was positive and Q is near an origin of its potential. However, we assume that at a certain time
I˙
HI ' n ≤ −2 is realized and Q starts to roll down on the potential. Even if ρE modifies slow-roll
dynamics, I˙HI = −2+O(H) holds due to (38) . Therefore, in an early period Q grows up because
of the negativity of Q2 term. However, Q stops its growth when non-linear magnetic Q4 term
becomes important. Moreover, due to axion-gauge interaction Q3 term, this effective potential
gets two different minimum values, so we expect that there is a trajectory where the gauge field
finally settles in a deeper bottom of this potential. At this time, σ and Q obey slow-roll equations
3Hσ˙ + Wσ = −3λf (Q˙ + HQ)gQ
2 , (46)(
1 +
2
3
I˙
HI
)
3HQ˙ + 2
(
1 +
I˙
HI
)
H2Q + 2g2Q3 =
λ
f
σ˙
gQ2
I2
. (47)
Diagonalizing this system, we have(
1 +
2
3
I˙
HI
+
1
3
Λ2m2Q
)
3Hσ˙ +
(
1 +
2
3
I˙
HI
) (
Wσ + 3
λ
f
HgQ3
)
− 2
(
1 +
I˙
HI
+ m2Q
)
λ
f
HgQ3 = 0 ,
(48)(
1 +
2
3
I˙
HI
+
1
3
Λ2m2Q
)
3HQ˙ +
(
1 +
I˙
HI
+
(
1
2
Λ2 + 1
)
m2Q
)
2H2Q +
1
3I
ΛmQWσ = 0 , (49)
where we defined two model parameters
Λ ≡ λ
I f
Q , mQ ≡ gQH . (50)
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If Λ2  1 and m2Q  Λ−2 hold, we get the following results
Q ' Qmin = −
(
f Wσ
3λgH
)1/3
, (51)
1
2
λ
I2
σ˙
f H
' mQ + 1mQ
(
1 +
I˙
HI
)
. (52)
Remarkably, the background gauge field settles in a minimum value of its effective potential. This
is essentially an attractor solution in chromo-natural inflation [34]. In our model, however, the
condition Λ  1 and the slow-roll equation (52) can be controlled by the gauge kinetic function.
So we can realize this slow-roll trajectory for a broad parameter region compared to the original
chromo-natural inflation. Interestingly, this inflationary dynamics generates parity-violating chiral
gravitational waves. We discuss the detail of this mechanism later.
Finally, let us check the evolution of the gauge kinetic function during this period. In this
period, the energy densities of the electric and the magnetic fields are given by
ρE ' 32 I
2H2Q2min , ρB '
3
2
I2g2Q4min = m
2
Q ρE . (53)
Hence if mQ & 1 holds, the slow-roll equation for ϕ reads
3Hϕ˙ + Vϕ ' 2 IϕI (ρE − ρB) . (54)
Substituting (53) into the above equation, we obtaine the time evolution of I(ϕ) as
I '
[
3H2Q2min
4VV
(m2Q − 1) + D2 a−2nV/3H2
]−1/2
, (55)
where D2 is a constant of integration. Note that we neglected the terms which are suppressed in
the slow-roll approximation. The first term in the parenthesis is almost constant. Moreover, when
the energy density of the axion becomes dominant in the late stage of inflation 3H2 ' W  V ,
The second term in the parenthesis is also almost constant. Hence, I decreases very slowly.
B. Numerical analysis
As a numerical example, let us show this background dynamics by using the following poten-
tials
V(ϕ) = Λ4ϕ exp
[
rϕ
]
, (56)
W(σ) = Λ4σ
[
1 − cos
(
σ
f
)]
, (57)
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where Λϕ and Λσ characterize energy densities of the dilaton and the axion. Here, f is the decay
constant and r is a parameter. It is well known that single-field power-law inflation is in conflict
with CMB observations. However, in this model the background gauge field modifies the slow-
roll dynamics and consequently the tensor-to-scalar ratio is suppressed. Hence, there is a room the
model becomes viable as we will discuss later.
In FIG.1, we plotted the time evolution of the energy density of the gauge field in terms of E
and B, and the time evolution of the gauge field Q(t). As you can see, ρB catches up with ρE
after 15 e-folds and the transition of the dynamics of the gauge field happens due to the non-linear
effect. We can also see that Q(t) stops its growth and oscillates when the magnetic energy density
grows sufficiently, and finally settles in a constant value. Note that we used a super-Planckian
decay constant f > Mpl in the plot by assuming it can be effectively produced by the combination
of sub-Planckian decay constants derived from aligned multiple axions [40].
In the next section, we show that, in the late stage of inflation, one of circular polarization states
of gauge field fluctuations are enhanced due to the tachyonic instability and the rapid growth of
the gauge field produces sizable circularly polarized gravitational waves.
III. CHIRAL GRAVITATIONAL WAVES
In this section, we consider a perturbed universe. To analyze the dynamics, we need to define
perturbed quantities. First, for the metric we use the following variables
N = 1 + 2φ , Ni = ∂i β + βi , qi j = a(t)2(δi j + γi j) , (58)
where the spatial metric is further decomposed as
γi j = −2ψδi j + 2E,i j + 2W(i, j) + hi j . (59)
Note that βi and Wi are transverse vectors and hi j is a transverse traceless tensor. We choose
the flat-slicing gauge
ψ = E = Wi = 0 . (60)
Next, we decompose the non-Abelian gauge field as
Aa0 = a(t) [∂aY + Ya] , (61)
Aai = a(t) [(Q(t) + δQ)δai + iac(∂cU + Uc) + ∂i(∂aM + Ma) + Tai] , (62)
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FIG. 1: (left figure) : We plotted time evolutions E (blue line) and B (red line). Around at 15 e-folds, ρB
catches up with ρE and the transition of the dynamics of the gauge field happens due to the non-linear effect.
After 20 e-folds, the gauge field settles in an attractor and both E and B decrease as I2. Note that the period
when primordial CMB fluctuations are generated is about from 5 to 10 e-folds in this plot. (right figure) :
The time evolution of the amplitude of the gauge field Q(t) . At first it continues to grow until 15 e-folds.
After the transition, it settles in a constant value. In both figures, we used initial conditions (ϕ0 , σ0/ f ) =
(4 , pi/3) and the parameters ( Λϕ, Λσ, r, n, g, λ, f ) = ( 10−2, 2 × 10−3, 1, −2.01, 10−6, 10−1, 10 ).
where Ya ,Ua and Ma are transverse vectors and Tai is a transverse traceless tensor. Here, we
did not discriminate between the index a and the spatial index i. This is allowed because the di-
agonal transformation of SU(2) and the rotation SO(3) remains the symmetry in the background.
Remarkably, not only scalar and vector but also tensor perturbations exist. As is usual, scalar,
vector, and tensor perturbations are decouple at the linear level. We will see that Y and Ya are
non-dynamical variables.
Due to SU(2) gauge symmetry, there is the following gauge transformation
Aaµ −→ Aaµ + g−1∂µαa + abcAbµαc , (63)
where αa are gauge parameters. We can eliminate three degrees of freedom using this gauge
freedom. So, we fix its gauge by setting
M = Ma = 0 . (64)
Finally, we decompose (pseudo) scalar fields into their background and perturbation variables
ϕ = ϕ¯(t) + δϕ , σ = σ¯(t) + δσ . (65)
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A. Tensor perturbation dynamics
Let us analyze the dynamics of tensor perturbations in this model. Using a new variable ψi j ≡
a(τ)hi j, the quadratic action S EH for tensor perturbations is given by
δS EH =
∫
dxdτ
1
2
14ψ′i jψ′i j − 14ψi j,kψi j,k −
34 a′′a − 12
(
a′
a
)2ψi jψi j , (66)
where a prime represents a derivative with respect to a conformal time τ . We also have contribu-
tions to the quadratic action for tensor perturbations from the (pseudo) scalar actions as
δS dilaton + δS axion =
∫
dxdτ
(
−a
2
4
ψi jψi j
) [
1
2a2
(ϕ¯′2 + σ¯′2) − V(ϕ¯) −W(σ¯)
]
. (67)
Moreover, using a new variable tai ≡ a(τ)I(ϕ¯)Tai , we obtain the quadratic actions for the tensor
perturbations from the gauge sector
δS gauge =
∫
dxdτ
(
−1
4
) [
−I2 (aQ)
′2
2a2
ψi jψi j +
3
2
a2I2g2Q4ψi jψi j − 2
(
t′ai t
′a
i +
I′′
I
tai t
a
i
)
+ 2tai, jt
a
i, j
−4agQabitbj taj,i +
4I
a
(aQ)′ψi j
(
t′i j −
I′
I
ti j
)
− 4aIgQ2ψ jmai jtam,i − 4a2Ig2Q3ψi jti j
]
(68)
and that from the Chern-Simons sector
δS CS =
∫
dxdτ
1
2I2
λ
f
σ¯′
(
 i jktai t
a
k, j − agQti jti j
)
. (69)
Using the slow-roll parameters and the following approximate scale factor
a(τ) ' − 1
Hτ
, (70)
we can write the total quadaratic action for tensor perturbations at the second order as
δS tensor ≡ δS EH + δS scalar + δS gauge + δS CS
=
∫
d3xdτ
1
2
[
1
4
ψ′i jψ′i j −
1
4
ψi j,kψi j,k +
1
2τ2
ψi jψi j
]
+
∫
d3xdτ
[
1
2
t′ai t
′a
i −
1
2
tai, jt
a
i, j +
1
2
(
I′′
I
− 2mQξ
τ2
)
tai t
a
i −
1
τ
(
mQ + ξ
)
 i jktai t
a
k, j
]
+
∫
d3xdτ
[ √
E
τ
ψi j
(
t′i j −
I′
I
ti j
)
−
√
B
τ
ψ jmai jt
a
m,i +
√
BmQ
τ2
ψi jti j +
E − B
4τ2
ψi jψi j
]
, (71)
where we defined a new variable
ξ ≡ λ
2I2
˙¯σ
f H
. (72)
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We shall use the interaction picture. We treat ψi j and ti j as free fields in the de-Sitter background
at the leading order. We can regard the last line in the action (71) as the interaction part. In order
to calculate the power spectrum of gravitational waves, we quantize these variables. The canonical
quantization gives rise to the following expansion
ψi j(x, τ) = 2
∑
A=±
∫
d3k
(2pi)3
ψˆAk (τ)e
ik·x , (73)
= 2
∑
A=±
∫
d3k
(2pi)3
[
eAi j(kˆ)ψ
A
k (τ)a
A
k + e
A∗
i j (−kˆ)ψA∗k (τ)aA†−k
]
eik·x , (74)
ti j(x, τ) = 2
∑
A=±
∫
d3k
(2pi)3
tˆAk (τ)e
ik·x , (75)
=
∑
A=±
∫
d3k
(2pi)3
[
eAi j(kˆ)t
A
k (τ)b
A
k + e
A∗
i j (−kˆ)tA∗k (τ)bA†−k
]
eik·x , (76)
where eAi j(kˆ) are the polarization tensors which satisfy the following normalization relation,
eAi j(kˆ)eBi j(−kˆ) = δAB, and the index “A = {+,− }” represents a circular polarization state defined
by ikiai je
±
jm(kˆ) = ±ke±am(kˆ) . The creation and annihilation operators aAk , bAk satisfy the following
commutation relations
[aAk , a
B†
−k′] = [b
A
k , b
B†
−k′] = (2pi)
3δABδ
3(k + k′) , [aAk , b
B
k′] = [a
A
k , b
B†
−k′] = 0 . (77)
Moreover, ψAk and t
A
k are mode functions which satisfy the following equations of motion in the
de Sitter spacetime
d2ψ±k
dx2
+
(
1 − 2
x2
)
ψ±k = 0 , (78)
d2t±k
dx2
+
(
1 − d
2I/dx2
I
+
2mQξ
x2
∓ 2(mQ + ξ)
x
)
t±k = 0 . (79)
Here we used a dimensionless time variable x ≡ −kτ. In the in-in formalism [41], the in-state is
given by
|in〉 ≡ T exp
(
−i
∫ τ
−∞(1+)
dτ˜HI(τ˜)
)
|0〉 , (80)
where T represents the time-ordered product and |0〉 is a vacuum state defined by
aAk |0〉 = bAk |0〉 = 0 , 〈0|0〉 = 1 . (81)
The interaction Hamiltonian can be read off from the action (71) as
HI(τ) = −
∫
d3x
[ √
E
τ
ψi jvi j −
√
B
τ
ψ jmai jt
a
m,i +
√
BmQ
τ2
ψi jti j +
E − B
4τ2
ψi jψi j
]
= −2
∑
A=±
∫
d3k
(2pi)3
[
JAk ψ
A
−k +
E − B
2τ2
ψAk ψ
A
−k
]
, (82)
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where we used new variables
vi j ≡ t′i j −
I′
I
ti j , vAk = t
A
k
′ − I
′
I
tAk , (83)
J±k(τ) ≡
√
E
τ
v±k +
( √
BmQ
τ2
± k
√
B
τ
)
t±k . (84)
The amplitude of a helicity mode of gravitational waves in the in-state is given by
(2pi)3δ(k + k′) 〈in| hAk (τ)2 |in〉 =
∞∑
N=0
(−i)N
∫ τ
dτ1
∫ τ1
dτ2 ...
∫ τN−1
dτN
× 〈0|
[[[
hAk(τ)h
A
k′(τ) , HI(τ1)
]
,HI(τ2)
]
... ,HI(τN)
]
|0〉 . (85)
Expanding (85) up to the second order in HI , we have
(85) =
4
a(τ)2
(
〈0|ψAk(τ)ψAk′(τ) |0〉 (86)
−i
∫ τ
dτ1 〈0|
[
ψAk(τ)ψ
A
k′(τ) , HI(τ1)
]
|0〉 (87)
−
∫ τ
dτ1
∫ τ1
dτ2 〈0|
[[
ψAk(τ)ψ
A
k′(τ) , HI(τ1)
]
,HI(τ2)
]
|0〉
)
(88)
+ (higher order) . (89)
Using commutation relations (77) and normalization conditions for the polarization tensors, we
get
(87) = (2pi)3δ(k + k′) × 16H2τ2 Im
[∫ τ
dτ1
E − B
τ21
ψAk (τ1)
2ψA∗k (τ)
2
]
, (90)
(88) = (2pi)3δ(k + k′) × (−32H2τ2)
∫ τ
dτ1
∫ τ1
dτ2[
Gk(τ, τ1)Gk(τ, τ2)JA∗k (τ1)J
A
k (τ2) + Gk(τ, τ1)Fk(τ1, τ2)ψk(τ)ψ
∗
k(τ2)
]
, (91)
where we defined the following functions
Gk(τ, τi) ≡ 2i Im [ψk(τ)ψ∗k(τi)] , (92)
Fk(τ1, τ2) ≡ 2i Im
[
JAk (τ1)J
A∗
k (τ2)
]
(93)
which came from the commutation relations of ψˆAk and Jˆ
A
k .
As to the mode functions for the metric, we can take the Bunch-Davis (BD) mode functions
ψ±k =
1√
2k
(
1 +
i
x
)
eix . (94)
For the gauge field, it is difficult to give an analytic solution for tAk because I(ϕ¯) ,mQ and ξ in
(79) are not known analytically. Therefore, we approximately solve tAk in each inflationary stage
as discussed in Sec.II A , and estimate the GW spectrum analytically in each stage.
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B. Tensor spectrum in the early stage of inflation
Let us estimate the GW spectrum in the early stage of inflation. During this stage, mQ and ξ
are negligible so that the equation of motion for t±k (79) is approximately given by
d2t±k
dx2
+
(
1 − d
2I/dx2
I
)
t±k ' 0 . (95)
The time evolution of I(ϕ¯) depends on n and an initial value of the gauge field. If the gauge
field grows sufficiently, however, we obtain the transient attractor I ∝ a−2 as we showed in (38) .
Therefore, we can approximately calculate as
dI/dx
I
∼ 2
x
,
d2I/dx2
I
∼ 2
x2
. (96)
Thus, the mode fluctuations for the gauge field in this stage are
t±k '
1√
2k
(
1 +
i
x
)
eix . (97)
Substituting (94) and (97) into (85), we can evaluate the power spectrum. Here, we use the fol-
lowing cosine and sine integrals
Ci(x) ≡ −
∫ ∞
x
dx
cos x
x
= γ + ln x + O(x2) , (98)
Si(x) ≡
∫ x
0
dx
sin x
x
= x + O(x3) , (99)
where γ is an Euler number. Then, we get
(90) × (16H2τ2)−1 = E − B
3
[
1
x2
− 1
x
(
Ci(2x) sin 2x − Si(2x) cos 2x + pi
2
cos 2x
)
+
x2 − 1
2x2
(
Ci(2x) cos 2x + Si(2x) sin 2x − pi
2
sin 2x
)]
, (100)
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and
(91) × (−32H2τ2)−1
= −pi
2
32
E − 4mQ3 √EB +
1 + 4m2Q9
 B ( x2 + 1x2
)
−
( √
EB
4
− mQB
12
)
sA
x
−
1312E − 2mQ3 √EB −
 116 − 2m
2
Q
27
 B 1x2 +
[
11
12x
E +
(
sA
4
− 2mQ
3x
− 3sA
8x2
) √
EB
−
 sAmQ12 + 18x − 5m
2
Q
54x
− sAmQ
6x2
 B pi cos 2x − [(23 − 76x2
)
E −
(
1
3
mQ +
5sA
4x
− mQ
x2
) √
EB
−
14 + m
2
Q
54
− sAmQ
2x
+
11m2Q
54x2
 B [Ci(2x) cos 2x + Si(2x) sin 2x − 12pi sin 2x
]
−
(
1
8
E − 16mQ
√
EB +
1
8
B +
1
18
m2QB
) (
x2 + 1
x2
) [
Ci(2x)2 + Si(2x)2 − piSi(2x)
]
+
116xE +
(
sA
2
− 4mQ
3x
− 3sA
4x2
) √
EB −
 sAmQ6 + 14x − 5m
2
Q
27x
− sAmQ
3x2
 B [Ci(2x) sin 2x − Si(2x) cos 2x]
+ Re
[(
E
4
−
(mQ
6
+ i
sA
2
) √
EB −
(
1
4
− i sAmQ
6
)
B
) (
1 − 2i
x
− 1
x2
)
e−2ix
∫ x
dx1
1
x1
(
Ci(2x1) + iSi(2x1) − ipi2
)]
.
(101)
Note that we omitted (2pi)3δ(k + k′) in the above results. Moreover, we approximately treated
the slow-roll parameters as constants since their time dependence are suppressed by the slow-roll
parameters. In the super-horizon limit x→ 0 , we have
P±h (k) = 〈in| h±k (τ)2 |in〉 '
2H2
k3
[
1 + 4
(
E − mQ√EB + 29m
2
QB
)
(ln x)2
]
. (102)
The power spectrum of the gravitational waves is not constant in the super-horizon due to the in-
teraction with the gauge field. However, its modification will not be so serious unless the duration
of this period is too large. This tensor spectrum in this stage is generated around CMB scales and
we can see no parity-violation in the spectrum.
C. Chiral gravitational waves in the late stage of inflation
Now, we calculate the spectrum in the late stage of inflation. In this stage, ξ and mQ contribute
the background dynamics. From the slow-roll equation (52), we have
ξ ' mQ + 1mQ
(
1 +
I˙
HI
)
. (103)
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As to the gauge kinetic function, it evolves as x−nV/3H
2
(∵ (55)). Hence,we can calculate as
dI/dx
I
∼ −n
x
,
d2I/dx2
I
∼ n(n + 1)
x2
, n ≡ nV/3H2 . 1 . (104)
Note that the energy density of the axion is greater than that of the dilaton in this stage. Then,
Eq.(79) reads
d2t±k
dx2
+
(
1 +
A
x2
∓ 2B
x
)
t±k ' 0 , (105)
where
A ≡ 2
(
m2Q + 1 −
n(n − 1)
2
)
, B ≡ 2mQ + 1mQ (1 + n) . (106)
We can neglect time dependence of A and B. Here, we consider the parameter region where both
A and B have positive values. We can see that the mass term of t−k is always positive, so this mode
is stable. On the other hand, t+k has the tachyonic instability during the time interval
1
2
(B −
√
B2 − A) < x < 1
2
(B +
√
B2 − A) (107)
and this instability can enhance one of helicity modes of gravitational waves.
Let us focus on the t+k mode. It is known that solutions are given by Whittaker functions
t+k (x) =
1√
2k
(
C1Mκ,µ(2ix) + C2Wκ,µ(2ix)
)
, (108)
where C1 and C2 are constants and
κ ≡ iB , µ2 ≡ 1
4
− A . (109)
In the sub-horizon limit x→ ∞ , these functions have asymptotic expansion
Mκ,µ(2ix) ' Γ(1 + 2µ)
Γ(12 + µ − κ)
(2i)−κei(x+iκ ln x) +
Γ(1 + 2µ)
Γ(12 + µ + κ)
(−1) 12 +µ−κ(2i)κe−i(x+iκ ln x) , (110)
Wκ,µ(2ix) ' (2i)κe−i(x+iκ ln x) . (111)
In order for the mode function to describe the BD vacuum, the constants C1 and C2 should be
C1 =
Γ( 12 + µ − κ)
Γ(1 + 2µ)
(2i)κ , C2 = −
Γ( 12 + µ − κ)
Γ( 12 + µ + κ)
(2i)κ(−1) 12 +µ−κ . (112)
Now, we can calculate the power spectrum of gravitational waves in this stage. The dominant
contribution comes from an integration (91) where the gauge field fluctuations experience the
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tachyonic instability near the horizon crossing. In this region, Whittaker M-function is a decaying
mode and irrelevant for the integration. Moreover, during this stage we can regard the complex
phase of t+k as nearly constant due to its enhancement and approximately treat t
+
k as a classical
variable1. As a result, the contribution from C1Mκ,µ(2ix) and the commutators including J+k will
be numerically negligible. Hence, we can use
t+k (x) ' C2Wκ,µ(2ix) , (113)
Fk(τ1, τ2) ' 0 (114)
in the integration (91) . Then we can evaluate the integration as
(91) ' (2pi)3δ(k + k′) × (16H2τ2)
∣∣∣∣∣∫ τ dτ1Gk(τ, τ1)JAk (τ1)∣∣∣∣∣2 . (115)
We can perform this integration by using the following identities
∫
dxxneixWκ,µ(2ix) =
xn+1G2,22,3
2ix
∣∣∣∣∣∣∣∣ −n, 1 + κ12 − µ, 12 + µ, −1 − n

Γ(12 − κ − µ)Γ( 12 − κ + µ)
, (116)
∫
dxxne−ixWκ,µ(2ix) = xn+1G2,12,3
2ix
∣∣∣∣∣∣∣∣ −n, 1 − κ12 − µ, 12 + µ, −1 − n
 , (117)
where G is the Meijer G-function. Thus, we get the GW power spectrum. For the stable circular
polarization state, we obtain the conventional spectrum
P−h (k) = 〈in| h−k (τ)2 |in〉 '
2H2
k3
. (118)
For the other circular polarization state, due to the enhancement of the gauge field fluctuations, we
have
P+h (k) = 〈in| h+k (τ)2 |in〉 =
2H2
k3
[
1 + 8|C2|2
∣∣∣√EI0(mQ) − √BI1(mQ) + (n√E +mQ√B)I2(mQ)∣∣∣2]
' 2H
2
k3
[
1 + 8|C2|2Q2min
∣∣∣I0(mQ) − mQI1(mQ) +m2QI2(mQ)∣∣∣2] , (119)
1 The detail is discussed in [17, 42]
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where we defined
I0(mQ) =
i Γ(−32 − µ)Γ(−32 + µ)
2
 ( 14 − µ2 − 4κ)(94 − µ2) + 8κ(1 + κ)
Γ(1 − κ)
− (
1
4 − µ2 + 4κ)( 94 − µ2) − 8κ(1 − κ)
Γ( 12 − µ − κ)Γ( 12 + µ − κ)Γ(−κ)−1
 , (120)
I1(mQ) =
Γ(−12 − µ)Γ(−12 + µ)
2
 14 − µ2 − 2κ
Γ(1 − κ) +
1
4 − µ2 + 2κ
Γ( 12 − µ − κ)Γ( 12 + µ − κ)Γ(−κ)−1
 , (121)
I2(mQ) = i Γ(−12 − µ)Γ(−12 + µ)
1 − 2(1 + κ)(14 − µ2)
Γ(−κ) +
1 − 2(1 − κ)( 14 − µ2)
Γ(12 − µ − κ)Γ(12 + µ − κ)Γ(1 − κ)−1
 .
(122)
We plotted the ratio of spectra (118) and (119) in FIG. 2 . We can see that chiral gravitational
waves are more enhanced as mQ is increasing. This qualitative feature is the same as that of
chromo-natural inflation [24].
Remarkably, this model can avoid the overproduction of chiral gravitational waves on CMB
scales discussed in previous works [22, 24] and produce a sizable circulary polarized gravitational
waves on small scales. In the next section, we also study the dynamics of scalar perturbations and
show that this model is stable under the scalar fluctuations and consistent with the CMB data.
IV. VIABILITY OF THE MODEL
In this section, we check the dynamics of scalar perturbations. Specifically, we compute the
curvature perturbation and its spectrum in the early stage of inflation where fluctuations on CMB
scales are created. Moreover, we discuss the stability of scalar perturbations in the late stage of
inflation.
Let us derive the quadratic action for scalar perturbations. The Einstein-Hilbert action gives
δS EH =
∫
dτdx
[
−12a4H2φ2 − 4a2Hφ∂2β
]
, (123)
where φ and β are perturbed lapse and shift functions defined in (58) . The (pseudo) scalar
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FIG. 2: The behaviour of the ratio of the GW spectra as a function of mQ for Qmin = 10−2 (blue line) ,
Qmin = 10−1 (red line) and Qmin = 1 (yellow line) .
quadratic actions are given by
δS dilaton =
∫
dτdx
[
2a4 ˙¯ϕ2φ2 − 2φ(a3 ˙¯ϕδϕ′ + a4Vϕ¯δϕ) + a2 ˙¯ϕβ∂2δϕ
+
1
2
a2δϕ′2 +
1
2
a2δϕ∂2δϕ − 1
2
a4Vϕ¯ϕ¯δϕ2
]
,
δS axion =
∫
dτdx
[
2a4 ˙¯σ2φ2 − 2φ(a3 ˙¯σδσ′ + a4Wσ¯δσ) + a2 ˙¯σβ∂2δσ
+
1
2
a2δσ′2 +
1
2
a2δσ∂2δσ − 1
2
a4Wσ¯σ¯δσ2
]
. (124)
For the quadratic action δS gauge , we split it into two parts δS Igauge + δS
II
gauge : the former one
includes only gauge field fluctuations
δS Igauge =
∫
dτdxI2
[
3
2
(aδQ)′2 − (aU)′∂2(aU)′ + 1
2
a4Y∂4Y − a6g2Q2Y∂2Y
−a2Y
(
∂2(aδQ)′ + 2agQ∂2(aU)′ − 2a3 ˙(aQ)
a
g∂2U
)
+a2δQ∂2δQ − a2δU∂4δU − 6a3gQδQ∂2U − a4g2Q2
(
9δQ2 − 2U∂2U
)]
, (125)
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and the latter one has the interaction with other fields
δS IIgauge =
∫
dτdx
[
4a4ρEφ2 − 23a
2ρBβ∂
2β − 4a4φ Iϕ¯
I
(ρE + ρB)δϕ
+2βaI2
( ˙(aQ)
a
a∂2δQ + gQ2(a∂2U)′ + a3g2Q3∂2Y − ˙(aQ)
a
a2gQ∂2U
)
−2a2I2(φ − Iϕ¯
I
δϕ)
˙(aQ)
a
(
3(aδQ)′ − a2∂2Y
)
−4a3I2(φ + Iϕ¯
I
δϕ)gQ2
(
3agQδQ + ∂2U
)
+
 Iϕ¯ϕ¯I + I
2
ϕ¯
I2
 (ρE − ρB)a4δϕ2 . (126)
Finally, the quadratic action δS CS reads
δS CS =
∫
adτdx
[
λσ˙
f
(
2δQ∂2U + agQ(3δQ2 − U∂2U)
)
+
λ
f
(
Ya2gQ2∂2δσ + 6agQ2δσ′δQ − 2 ˙(aQ)δσ∂2U
)]
. (127)
A. Curvature perturbation spectrum in the early stage of inflation
The curvature perturbations in the uniform density gauge is defined by [43]
− ζ ≡ ψ + H˙¯ρ δρ , (128)
where we defined the energy density of matter fields as ρ = ρ¯ + δρ. The energy momentum tensor
of matter is given by
Tµν = − 2√−g
δS matter
δgµν
(129)
≡ (ρ + P)uµuν + Pgµν , (130)
where P is the pressure of matter and uµ = dx
µ
dτ is the four-velocity which satisfies
uµuµ = −1 . (131)
Therefore, the background energy density reads
ρ¯ = −T¯ 00
=
1
2
˙¯ϕ2 + V(ϕ¯) +
1
2
˙¯σ2 + W(σ¯) + ρE + ρB . (132)
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and its fluctuation at the first order is given by
δρ = −δT 00 (133)
≡ δρdilaton + δρaxion + δρgauge , (134)
where we split δρ into three variables in the second line, which are derived from each action
S dilaton , S axion and S gauge . More concretely, we have
δρdilaton =
1
a2
ϕ¯′δϕ′ + Vϕ¯δϕ − 2a2 ϕ¯
′2φ , (135)
δρaxion =
1
a2
σ¯′δσ′ + Wσ¯δσ − 2a2 σ¯
′2φ (136)
and
δρgauge = 6I2
˙(aQ)2
a2
φ+3
 ˙(aQ)2a2 + g2Q4
 IIϕ¯δϕ+I2 ˙(aQ)a
(
3
˙(aδQ)
a
− ∂2Y
)
+
2
a
I2gQ2∂2U+6I2g2Q3δQ .
(137)
In the early stage of inflation, the background effect of the magnetic field is negligibly small.
So we can set g = 0 and estimate the power spectrum of the curvature perturbation. We can easily
eliminate β and solve φ as
φ =
1
2
( ˙¯ϕ
H
δϕ +
˙¯σ
H
δσ + 2
˙(aQ)
aH
I2δQ
)
. (138)
Eliminating Y and defining the following variables
δϕ =
∆ϕ
a
, δσ =
∆σ
a
,
δQ =
∆Q√
2aI
, U =
∆U√
2aI
, (139)
we get the following quadratic action for scalar perturbations
δS scalar ≡ δS EH + δS scalar + δS gauge + δS CS
=
∫
d3xdτ
1
2
[
∆′2ϕ + ∆ϕ∂
2
i ∆ϕ + ∆
′2
σ + ∆σ∂
2
i ∆σ + ∆
′2
Q + ∆Q∂
2
i ∆Q − ∆′U∂2i ∆′U − ∆U∂4i ∆U
]
−
∫
d3xdτ
1
2
[
M2ϕ∆
2
ϕ + M
2
σ∆
2
σ + M
2
Q∆
2
Q − M2U∆U∂2i ∆U
]
+
∫
d3xdτ
[
−2
√
2E
τ
Iϕ¯
I
∆′Q∆ϕ
]
+
∫
d3xdτ
[
Mϕσ∆ϕ∆σ + MϕQ∆ϕ∆Q + MσQ∆σ∆Q − MσU∆σ∂2i ∆U − MQU∆Q∂2i ∆U
]
,
(140)
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where we defined effective mass parameters
M2Q ≡ −
2
τ2
+
E
τ2
(6 − ϕ − σ − E) , (141)
M2U ≡ −
2
τ2
, (142)
M2ϕ ≡ −
2
τ2
+
Vϕ¯ϕ¯ +
√
2Vϕ¯
√
ϕ − H2
(
ϕ + σ + E
)
ϕ
H2τ2
− E
τ2
3 Iϕ¯ϕ¯I −
(
Iϕ¯
I
)2
− √2 Iϕ¯
I
√
ϕ
 , (143)
M2σ ≡ −
2
τ2
+
Wσ¯σ¯ +
√
2Wσ¯
√
σ − H2
(
ϕ + σ + E
)
σ
H2τ2
(144)
and
Mϕσ ≡ −
√
σ
2
EIϕ¯
τ2I
−
√
σ
2
Vϕ¯
H2τ2
−
√
ϕ
2
Wσ¯
H2τ2
+
√
ϕ
√
σ
(
σ + ϕ + E
)
τ2
, (145)
MϕQ ≡
√
E
2
Iϕ¯
I
(8 − E)
τ2
+
√
Eϕ
(
−3 + σ + ϕ + E
)
τ2
−
√
E
2
Vϕ¯
H2τ2
, (146)
MσQ ≡
√
Eσ
(
−3 + σ + ϕ + E
)
τ2
−
√
E
2
Wσ¯
H2τ2
, (147)
MσU ≡ − λI2 f
√
2E
τ
, (148)
MQU ≡ ξ
τ
. (149)
Note that in the above calculations we used the following
I′
I
∼ 2
τ
,
I′′
I
∼ 2
τ2
(150)
and assumed ˙¯ϕ , ˙¯σ > 0 so that we can get ˙¯ϕH =
√
2ϕ and
˙¯σ
H =
√
2σ . The fluctuation of the
energy density is given by
δρ = − 1
a3
 √2ϕτ ∆′ϕ +
√
2σ
τ
∆′σ +
√
2E
τ
(
∆′Q −
2
τ
∆Q
)
+
 √2ϕτ2 − a2Vϕ¯ − Iϕ¯I Eτ2
 ∆ϕ + ( √2στ2 − a2Wσ¯
)
∆σ
+
ϕ + σ − 2E
τ2
( √
2ϕ∆ϕ +
√
2σ∆σ +
√
2E∆Q
)]
. (151)
In order to estimate the curvature perturbation at the leading order, let us compare the magni-
tude of each coefficient (slow-roll parameters) in δρ. From the discussion in Sec.II A 1, ϕ and
E are dominant in the early stage of inflation while σ is negligible. Hence ζ in the flat slicing
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gauge is approximately given by
ζ ' Hτ
2
3
√
2ϕ
(
1 + E2E
)−1 [
∆′ϕ + EE
(
∆′Q −
2
τ
∆Q
)
+ 4
1 + E2E
τ
∆ϕ
]
, (152)
where we defined a new variable
EE ≡
√
E
ϕ
. (153)
We can see that EE can be of order unity.
Let us calculate the power spectrum of ζ by using the in-in formalism. We canonically quantize
the fields as
∆ϕ(x, τ) =
∫
d3k
(2pi)3
∆ˆϕk(τ)eik·x
=
∫
d3k
(2pi)3
[
∆ϕk(τ)ck + ∆∗ϕk(τ)c
†
−k
]
eik·x , (154)
∆Q(x, τ) =
∫
d3k
(2pi)3
∆ˆQk(τ)eik·x
=
∫
d3k
(2pi)3
[
∆Qk(τ)dk + ∆∗Qk(τ)d
†
−k
]
eik·x , (155)
where ∆ϕk and ∆Qk are mode functions in de Sitter spacetime. From (140), we can choose mode
functions corresponding the BD vacuum as
∆ϕk ' 1√
2k
(
1 +
i
x
)
eix , (156)
∆Qk ' 1√
2k
(
1 +
i
x
)
eix . (157)
The creation and annihilation operators ck , dk satisfy
[ck , c
†
−k′] = [dk , d
†
−k′] = (2pi)
3δ3(k + k′) , [ck , dk′] = [ck , d†−k′] = 0 (158)
and the vacuum state is defined by
ck |0〉 = dk |0〉 = 0 , 〈0|0〉 = 1 . (159)
The interaction Hamiltonian at the leading order reads
HI(τ) = 4
∫
dx
[E2E
τ2
∆2ϕ −
EE
τ
(
∆′Q −
2
τ
∆Q
)
∆ϕ
]
. (160)
Thus, we expect that in the super-horizon limit x→ 0, the power spectrum of ζ takes the following
form
Pζ(k) = 〈in| ζk(τ)2 |in〉 ' H
2
4ϕk3
(
1 +A E2E (ln x)2
)
, (161)
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where A ∼ O(10) is a numerical factor. Here, note that we neglected the time-derivative of slow-
roll parameters in the above estimation. This result is consistent with that for dilatonic inflation
coupled to a triad of gauge fields [44]. This power spectrum is also not constant in the super-
horizon due to the interaction with the gauge field.
B. Scalar perturbation stability in the late stage of inflation
We are interested in the stability conditions of scalar perturbations in the late stage of inflation
when the background gauge field settles in the attractor value and chiral gravitational waves are
generated. For simplicity, we take the background gauge field function Q(t) to be fixed in the
following calculations. Moreover, we neglect the perturbations of the metric and set φ = β = 0
because these contributions are suppressed by slow-roll parameters. This truncation is known to
be valid from the previous works on the stability of chromo-natural inflation [22, 24].
After elimination of Y , we can define the following canonical fields
δϕ =
∆ϕ
a
, δσ =
∆σ
a
,
δQ =
∆Q√
2aI
, U =
1√
2kaI
agQk ∆Q +
√
k2 + 2a2g2Q2
k2
∆U
 . (162)
We derived the equations of motions for these scalar perturbations in the Appendix A. We are
interested in the stability condition of scalar perturbations in the region mQ & O(1) where sizable
chiral gravitational waves are produced (see the previous section). For the time window mQ 
x . Λ , the equations of motions for perturbations at the leading order are given by
d2∆ϕ
dx2
+
1 + 4I2ϕ¯Q2x2
 ∆ϕ ' 0 , (163)
d2∆σ
dx2
+
1 + Λ2m2Qx2
 ∆σ − 5√
2
ΛmQ
x
d∆Q
dx
−
√
2Λ
x
∆U ' 0 , (164)
d2∆Q
dx2
+ ∆Q +
5√
2
ΛmQ
x
d∆σ
dx
' 0 , (165)
d2∆U
dx2
+ ∆U −
√
2Λ
x
∆σ ' 0 . (166)
Note that, for the coefficient of gauge-dilaton interactions Iϕ¯Q , we assumed that the background
parameter region satisfies |Iϕ¯Q|  Λ , and neglected them in the above derivation. This assump-
tion can be justified since I needs to become small enough to get a large Λ value, which is
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proportional to I−1 . Hence dilaton perturbations do not affect the stability on sub-horizon scales.
In order to check the stability condition of the scalar dynamics, we focus on one peculiar solution.
We use the WKB method for analyzing these equations. Substituting
∆ϕ = C1(x)eiS (x) , ∆σ = C2(x)eiS (x) , ∆Q = C3(x)eiS (x) , ∆U = C4(x)eiS (x) , (167)
into Eqs.(163) - (166), we get1 + 4I2ϕ¯Q2x2 − S 2x
C1 ' 0 , (168)1 + Λ2m2Qx2 − S 2x
C2 − 5√
2
ΛmQ
x
iS xC3 −
√
2Λ
x
C4 ' 0 , (169)(
1 − S 2x
)
C3 +
5√
2
ΛmQ
x
iS xC2 ' 0 , (170)
(
1 − S 2x
)
C4 −
√
2Λ
x
C2 ' 0 , (171)
where S x ≡ dS/dx = ω is an angular frequency and we neglected the time dependence of Ci(x).
Let us focus on the solution with C1 = 0. Then, from (169) - (171), we get the relation1 + Λ2m2Qx2 − ω2
 (1 − ω2) − 252 Λ
2m2Q
x2
ω2 − 2Λ
2
x2
= 0 . (172)
Thus, we have two modes
ω2± =
1
2x2
2x2 + 292 Λ2m2Q
1 ±
√
1 +
8x2
29Λ2m2Q
25m2Q + 229m2Q


 . (173)
Recalling that we are considering the region x . ΛmQ, the plus mode ω2+ is approximately given
by
ω2+ ≈
29Λ2m2Q
x2
. (174)
Apparently this mode is positive and stable. On the other hand, for a minus mode ω2− by expanding
the square root in (173) with respect to x2/Λ2m2Q , we get
ω2− ≈
2(2m2Q − 1)
29m2Q
. (175)
Thus, this mode has the instability in the region mQ <
√
2 . We get the same result as in the previ-
ous works [22–24], because the interaction of dilaton perturbations is not dominant in this stage.
In order to confirm this instability, we numerically solved the full scalar equations of motions (A1)
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- (A4). The time evolution of the scalar fluctuation ∆ϕ with several mQ values are plotted in
FIG.3. We can see that in the region mQ <
√
2 the instability actually occurs. Therefore we can
avoid the instability by choosing mQ >
√
2 in the late stage of inflation. Remarkably, in this
parameter region, sizable chiral gravitational waves can be generated.
The scalar dynamics in the region x . mQ have the similar feature as that of chromo-natural
inflation [24]. In this region, gauge fluctuations have no instability and ∆ϕ and ∆σ show the
conventional power law behavior. We numerically solved the full scalar equations of motions
(A1) - (A4) and plotted the scalar dynamics in the region x . mQ in FIG.4.
V. DISCUSSION
In this section, we discuss constraints from the CMB observations and the possibility of gener-
ating chiral gravitational waves in this model.
In Sec.IV A , we estimated the curvature perturbation spectrum on CMB scales. Its dimension-
less power spectrum is given by
k3
2pi2
Pζ(k) ' H
2
8pi2ϕ
(
1 +A E2E (ln x f )2
)
(176)
at the end of inflation x = x f . Primordial fluctuations of CMB temperature are produced between
−60 ≤ ln x f ≤ −50 , so the second term is dominant unless E2E is negligibly small. The spectral
index ns at the end of inflation is given by
ns − 1 = d ln k
3Pζ
d ln k
' 2A E
2
E (ln x f )
1 +A E2E (ln x f )2
. (177)
This takes the value 2/(ln x f ) ∼ −0.04 if the second term in the denominator in (177) is larger
than the unity. Thus the spectral index will be nicely consistent with Planck data, even with E2E ∼ 1
[3]. Moreover, from the power spectrum of gravitational waves given in (102) , we can estimate
the tensor-to-scalar ratio as
r =
P+h + P−h
Pζ ' 16
2
ϕ
−1ϕ + 4E2E(ln x f )2
1 +A E2E (ln x f )2
(178)
and the spectral tilt of tensor modes at the end of inflation
nt =
d ln k3P±h
d ln k
' 8E (ln x f )
1 + 4E (ln x f )2
. (179)
Note that we neglected the contribution of B in (178) and (179) since its coefficient mQ is
sufficiently small in this epoch. Remarkably, r can be suppressed by a factor ϕ/A compared
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FIG. 3: In this plot, we show the time evolution of x
√
2k ∆ϕ with mQ = 1 (solid blue line), mQ = 2
(dashed red line) and mQ = 3 (dotted green line). The red and green lines are indistinguishable and
stable, while the blue line experiences an exponential enhancement due to the instability. Note that we set
(Λ, |IϕQ|) ≈ (102, 10−4) in this plot.
with the conventional single field slow-roll inflation. Moreover, nt is also red but much closer
to the scale invariance than that of scalar perturbations if E2E is sufficiently small. Therefore,
without any difficulty, we can choose appropriate E2E and make the model consistent with the
CMB constraints. Though we have not calculated the bispectrum of curvature perturbations and
check the qualitative features of non-gaussianity, we expect that its constraint is not so strong
unless the axion-gauge interactions are dominant on CMB scales [45].
The most remarkable prediction in this model is that primordial chiral gravitational waves are
generated on small scales, which happens after 25 e-folds in our numerical example (see FIG.1).
The frequencies of gravitational waves corresponding to CMB scales are around 10−18 Hz today
[46], so chiral gravitational waves in our model can be detectable by gravitational wave interfer-
ometers whose sensitivity peaks are located above nHz frequency regions . From the discussion
in Sec.III, the ratio of the amplitude of gravitational wave spectrum is approximately given by
P+h (k)
P−h (k)
'

1 ( f . nHz)
1 + 8|C2|2Q2min
∣∣∣I0(mQ) − mQI1(mQ) +m2QI2(mQ)∣∣∣2 ( f & nHz) , (180)
where f = k2pi is the frequency of gravitational waves today. We expect that this two branches are
smoothly connected at the transition epoch of two inflationary stages ( f ∼ nHz).
Finally, let us estimate the intensity of gravitational waves in this model. The intensity derived
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i = (',  , q, u)
FIG. 4: We plotted the time evolution of x
√
2k ∆ϕ (blue line), x
√
2k ∆σ (red line), x
√
2k ∆q (yellow line)
and x
√
2k ∆u (green line) in the region x . mQ . At the horizon-crossing, x ∆ϕ and x ∆σ stop decreasing
and become constant in super-horizon due to the expansion of scale factor. At late times in super-horizon,
this feeds back into the gauge field dynamics and makes their late time behavior constant. Note that we set
(mQ, Λ, |IϕQ|) ≈ (2, 102, 10−4) in this plot.
for vacuum fluctuations is given by [46]
h20Ωvac( f ) ' 10−13
( H
10−4
)2
. (181)
Considering CMB normalization in (176), Hubble parameter can be estimated as 10−7 . H . 10−5
for certain E2E region, then h20Ωvac satisfies 10−19 . h20Ωvac( f ) . 10−15 . In the late stage of
inflation, the enhancement of chirality from the vacuum case is like FIG.2, getting large value as
mQ increases, so there are some sets of parameter region (Qmin, mQ) where chiral gravitational
waves can be observed by various detectors such as DECIGO (h20ΩGW & 10
−20) [36], eLISA
(h20ΩGW & 10
−10) [37] and SKA (h20ΩGW & 10
−14) [38].
VI. CONCLUSION
In this paper, we studied an inflationary dynamics with a dilaton and an axion coupled to
a SU(2) gauge field. Specifically, inspired by supergravity, we introduced a non-trivial gauge
kinetic function to chromo-natural inflation [34]. Consequently, the effective coupling constant
of the axion to the gauge field is dynamically controlled. For the initial conditions, we required
that the gauge field is near the origin of its effective potential and the dilaton playing a role of
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inflaton initially is energetically dominant. Since the interaction of the axion to the gauge field is
sufficiently small, we could neglect the axion in the background dynamics on CMB scales. We
derived the power-spectrum of scalar and tensor perturbations in this early stage of inflation by
using the in-in formalism, and discussed its observational implication by looking at the spectral
index and the tensor-to-scalar ratio. We found that they are characterized by the kinetic energy
density of the gauge field and can be controlled so that the model becomes consistent with the
constraints from the current CMB observations. In particular, since the-gauge field is inert in the
early stage of inflation, the model does not show any conflict with the CMB constraints.
The main prediction of this paper is the generation of chiral gravitational waves on small scales.
We found an inflationary solution where the gauge field grows due to the gauge-kinetic function
and finally settles in a finite value Qmin , which realizes the delayed chromo-natural inflation.
Then we analyzed tensor dynamics in the late stage of inflation and computed gravitational wave
spectrum by employing the in-in formalism, and got the qualitatively similar result as chromo-
natural inflation [24]. The general feature of tensor perturbations is the enhancement of chiral
gravitational waves which is controlled by an attractor value Qmin and the mass parameter of the
gauge field mQ . Moreover, we checked the stability condition of scalar dynamics and showed
that there is a stable parameter region mQ >
√
2 . Note that during this period we have chosen the
gauge-kinetic function so that the interaction of the dilaton to the gauge field does not contribute
to perturbation dynamics. We found that there is a parameter region where chiral gravitational
waves are produced in an interesting frequency range, higher than nHz, which might be detectable
in future gravitational wave interferometers and pulsar timing arrays, such as DECIGO, eLISA
and SKA.
It is interesting to investigate the reheating stage in this model. We expect from our previous
work [25] that at this epoch the effective mass parameter mQ grows and then chiral gravitational
waves are more enhanced, which might reach the current observational bounds on ground-based
interferometers. In this paper, we studied our model with an isotropic initial condition. Notice
that the anisotropy remains in models with a gauge kinetic function for a non-Abelian gauge field
[11]. While, in the case of chromo-natural inflation, the initial anisotropy decays and the isotropic
configuration is stable [47]. Thus, it is intriguing to investigate the fate of the initial anisotropy in
our model. We leave these issues for future work.
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Appendix A: Equations of motion for scalar perturbations
In this appendix, we list up the full equations of motion used for numerical calculations. We
set φ = β = 0 . Then, we have the following equations of motions for scalar perturbations
d2∆Q
dx2
+ Q1∆Q + Q2∆U + Q3 d∆ϕdx + Q4∆ϕ + Q5
d∆σ
dx
+ Q6∆σ = 0 , (A1)
d2∆U
dx2
+U1∆U +U2∆Q +U3 d∆ϕdx +U4∆ϕ +U5
d∆σ
dx
+U6∆σ = 0 , (A2)
d2∆ϕ
dx2
+ P1∆ϕ + P2∆σ + P3 d∆Qdx + P4∆Q + P5
d∆U
dx
+ P6∆U = 0 , (A3)
d2∆σ
dx2
+ S1∆σ + S2∆ϕ + S3 d∆Qdx + S4∆Q + S5
d∆U
dx
+ S6∆U = 0 . (A4)
As for the coefficients Qi (i = 1, ..., 6) , we get
Q1 = 1x4(x2 + 2m2Q)
(
4m6Q + 2m
4
Q
(
2 − 2d ln I/dx x + 5x2
)
+
(
1 − (d ln I/dx)2
)
x6
+2m2Qx
2
(
1 − d ln I/dx x +
(
3 − (d ln I/dx)2
)
x2
)
−2ξ
(
2m5Q + 5m
3
Qx
2 + 2mQx4
))
− d
2I/dx2
I
+
(dI/dx)2
I2
, (A5)
Q2 = 1x4(x2 + 2m2Q)3/2
(
8m7Q + 8m
5
Q(1 − d ln I/dx x) + 2m3Q(4 − 4d ln I/dx x − 3x2)x2
+2mQ(1 − d ln I/dx x − x2)x4 − ξ(8m6Q + 4m4Qx2 − 2m2Qx4 − x6)
)
, (A6)
Q3 = −2
√
2Iϕ¯Q
x
, (A7)
Q4 = 2
√
2Iϕ¯Q
x2
(
1 − d ln I/dx x + 2m2Q
)
− 2
√
2QdIϕ¯/dx
x
, (A8)
Q5 = 5√
2
λ
I f
QmQ
x
, (A9)
Q6 = 5√
2
λ
I f
QmQ
x2
. (A10)
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As for Ui (i = 1, ..., 6), we have
U1 = 1x4(x2 + 2m2Q)2
(
16m8Q + 16m
6
Q
(
1 − d ln I/dx x + 2x2
)
+
(
1 − (d ln I/dx)2
)
x8
+4m4Qx
2
(
6(1 − d ln I/dx x) +
(
6 − (d ln I/dx)2
)
x2
)
+2m2Qx
4
(
7 − 4d ln I/dx x + 2
(
2 − (d ln I/dx)2
)
x2
)
−2ξ(8m7Q + 12m5Qx2 + 6m3Qx4 + mQx6)
)
− d
2I/dx2
I
+
(dI/dx)2
I2
, (A11)
U2 = Q2 , (A12)
U3 = 2
√
2Iϕ¯QmQ
x(x2 + 2m2Q)1/2
, (A13)
U4 = − 2
√
2Iϕ¯QmQ
x2(x2 + 2m2Q)3/2
(
4m4Q + 2m
2
Q(1 − d ln I/dx x − d ln Iϕ¯/dx x + 2x2)
+(3 − d ln I/dx x − d ln Iϕ¯/dx x + x2)x2
)
, (A14)
U5 = − λI f
√
2Qm2Q
x(x2 + 2m2Q)1/2
, (A15)
U6 = − λI f
√
2Q
x2(x2 + m2Q)3/2
(
2m4Q + m
2
Qx
2 + x4
)
. (A16)
Then, as for Pi (i = 1, ..., 6), we have
P1 = 1 + 1x2
3  I2ϕ¯I2 + Iϕ¯ϕ¯I
 (B − E) − 2 + Vϕ¯ϕ¯H2 + 4I
2
ϕ¯Q
2
x2 + 2m2Q
x2
 , (A17)
P2 = − λI f
2Iϕ¯Q2mQ
x2 + 2m2Q
, (A18)
P3 = −Q3 , (A19)
P4 = 2
√
2Iϕ¯Q
x2
(
2m2Q − d ln I/dx x
)
, (A20)
P5 = −U3 , (A21)
P6 = − 2
√
2Iϕ¯QmQ
x2(x2 + 2m2Q)3/2
(
4m4Q + 2m
2
Q(−d ln I/dx x + 2x2) + (1 − d ln I/dx x + x2)x2
)
. (A22)
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Finally, as for Si (i = 1, ..., 6), we have
S1 = 1 + 1x2
−2 + Wσ¯σ¯H2 + α2I2 f 2 Q
2m2Q
x2 + 2m2Q
x2
 , (A23)
S2 = P2 , (A24)
S3 = −Q5 , (A25)
S4 = 10√
2
α
I f
QmQ
x2
(
1 +
1
2
d ln I/dx x
)
, (A26)
S5 = −U5 , (A27)
S6 = − λI f
√
2Q
x2(x2 + 2m2Q)3/2
(
2m4Q(2 + d ln I/dx x) + m
2
Q(3 + d ln I/dx x)x
2 + x4
)
. (A28)
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